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Abstract 

In this paper we apply the anholonomic frames method developed in refs. 
to construct and study anisotropic vacuum field configurations in 5D gravity. 
Starting with an off-diagonal 5D metric, parameterized in terms of several 
ansatz functions, we show that using anholonomic frames greatly simplifies 
the resulting Einstein field equations. These simplified equations contain an 
interesting freedom in that one can chose one of the ansatz functions and 
then determine the remaining ansatz functions in terms of this choice. As 
examples we take one of the ansatz functions to be a solitonic solution of either 
the Kadomtsev-Petviashvili equation or the sine-Gordon equation. There are 
several interesting physical consequences of these solutions. First, a certain 
subclass of the solutions discussed in this paper have an exponential warp 
factor similar to that of the Randall-Sundrum model. However, the warp 
factor depends on more than just the 5*'* coordinate. In addition the warp 
factor arises from anisotropic vacuum solution rather than from any explicit 
matter. Second, the solitonic character of these solutions might allow them 
to be interpreted either as gravitational models for particles {i.e. analogous 
to the ' t Hooft-Polyakov monopole, but in the context of gravity), or as 
nonlinear, anisotropic gravitational waves. 
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I. INTRODUCTION 



The study of wormhole and black hole solutions in general relativity or its higher di- 
mensional extensions usually starts with solutions with a high degree of symmetry [^], such 
as spherical symmetry. These highly symmetric solutions generally have metrics which are 
diagonal, and are thus easier to handle from a computational point of view. However, it is 
of interest to consider situations with less symmetry and metrics with off-diagonal compo- 
nents. Salam, Strathee and Percacci have shown that including off-diagonal components 
in higher dimensional metrics is equivalent to including gauge fields. A specific example of 
this is given in refs. where 5D metrics with off-diagonal terms were considered, leading 
to solutions which were similar to spherically symmetric 4D wormhole or flux tube met- 
rics but with "electric" and/or "magnetic" fields running along the throat of the wormhole. 
The "electromagnetic" fields arose as a consequence of the off-diagonal elements of the 5D 
metric. 

Most realistic, physical situations do not have the high degree of symmetry that is found 
in the well known, exact solutions of general relativity. For example, it would be somewhat 
surprising if a pure Schwarzschild black hole existed {i.e. a black hole without angular 
momentum or charge). In order to study anisotropic configurations we use the method of 
anholonomic frames developed in with associated nonlinear connections. The basic 

idea of this method is that the anholonomic frames can diagonalize metrics, which would 
have off-diagonal components in a holonomic coordinate frame. This substantially simpli- 
fies tensor computations but "elongates" the rule of partial differentiation and results in 
an anholonomic dynamics of particle/field interactions. Previously the anholonomic frames 
method was used to construct anisotropic wormhole and flux tube solutions, which re- 
duced to the solutions of [^|-|^ in the isotropic limit. These anisotropic solutions exhibited a 
variation or running of the "electromagnetic" charges as a result of the angular anisotropies 
and/or through variations of the extra spatial dimension. The solutions of ref. were 



anisotropic deformations from spherically symmetric solutions. In ref. [|T0|, we showed that 
the anholonomic frames method could be used to construct anisotropic wormhole and flux 
tube solutions to 5D Kaluza-Klein theory which possessed a host of different symmetries 
(elliptic, cylindrical, bipolar, toroidal). 

In this paper we extend the results of [0,|T3] to show that these locally anisotropic worm- 
hole and flux tube solutions can be modified to include a class of metrics with a warped ge- 
ometry with respect to the 5*^ coordinate. In our approach the warp factor is not generated 
by some brane configuration with a special energy-momentum tensor as in the Randall- 
Sundrum (RS) scenario |T^, but is induced by a specific anholonomic frame relation and 
nonlinear polarization of the vacuum 5D gravitational fields in the bulk. This supports the 
idea that off-diagonal metrics and anisotropies in extra dimensional vacuum gravity can 
model low dimensional interactions for both gravity and matter (more details can be found 
in |12[ ). We will discuss the physical consequences of these solutions, in particular the 
gravitational running of the electromagnetic constants that occurs, and the anisotropic and 
solitonic nature of the electromagnetic and gravitational fields. 

The paper is organized as follows: In section II we introduce an off-diagonal ansatz for 
5D vacuum gravitational fields and outline the anholonomic frame method for this ansatz 
by computing the nontrivial components of the Ricci tensor and constructing the general 
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5D vacuum solutions for Einstein's equations. The coupled non-linear equations for the 
ansatz functions have a freedom that allows us to specify a particular form for one of the 
functions and then determine the other ansatz functions for this choice. We use this freedom 
to construct solutions that have one of the ansatz functions associated with 3D solitons. In 
section III we combine these solitonic solutions with certain 5D, "electric/magnetic" charged 
wormhole and flux tube solutions. The result is a vacuum solution with an anisotropic RS 
type warp factor. In section IV we show that it is possible to introduce an anisotropic de- 
formation of these solutions so that the "electric" and "magnetic" charges of the solutions 
develop an anisotropic dependence. In section V we show that in addition to the spherical 
3D hypersurface backgrounds that we used as a starting point for building the solitonically 
deformed wormhole and flux tube solutions, it is also possible to consider other 3D back- 
ground geometries (ellipsoidal, toroidal, bipolar or cylindrical). Conclusions and physical 
consequences of the various solutions are given in section VI. 



II. A CLASS OF 5D VACUUM GRAVITATIONAL FIELDS 

In this section we outline the method of anholonomic frames with application to an 
ansatz for 5D vacuum gravitational metrics. These metrics have a mixture of holonomic 
and anholonomic variables, and are most naturally dealt with using anholonomic frames 
(the general theorems and corollaries are formulated and proven in refs. P,[l2|l). We integrate 
the vacuum Einstein equations in explicit form and analyze the physical and mathematical 
properties of the 5D locally anisotropic vacuum solutions which can be reparametrized to 
yield warped and solitonic wormhole - flux tube configurations. 



A. Off diagonal metric ansatz and anholonomic Einstein equations 

Let us consider a 5D pseudo-Riemannian spacetime of signature (+, — , — , — , — ) and 
denote the local coordinates = {x\y"') = {x^ = t,x'^ = r,x^ = 6,y^ = x^U^ = '{')■ X is 
the 5*'' coordinate, t is the time like coordinate and (r, 6', yj) are the usual spherical spatial 
coordinates. The Greek indices are split into two subsets (holonomic coordinates) and y°' 
(anholonomic coordinates) which are labeled respectively by Latin indices j, k, ... = 1, 2, 3 
and a,b,... = 4,5. The local coordinates will sometimes be written in the compact form 
u = {x,y). 

We begin our approach by considering a 5D quadratic line element 

dS^ = {x\ x) 9af3 {x\ x) du'^du^ (1) 

where {x\x) is a conformal factor. The metric coefficients Qais are parametrized by an 
off-diagonal matrix ansatz 



{wi'W2 + CiC2)h4, + nin2h5 g2 + (w^ + C,^)hi + n^h^ (U12U13 + +C2C3)/i4 + n2n3?t5 {w2 + C2)hi n2h^ 

(lUlUla + CiC3)^4 + "i"-3^5 («i'2«'3 + +C2<3)/»4 + '^2'^3^5 93 + {w^ + C^)h4, + n^h^ {w-i + C_-i)h4, n^h^ 

(uil+Cl)?»4 (ui2+C2)/»4 \w3.+C3.)h4 hi 

ni/15 712/15 na/is /15 
where the coefficients are smooth functions of the form: 



(2) 



3 



92,3 = 92,3{^'^ , x^) , h4,5 = h4,5{x\x) , Wi=Wi{x\x) , Hi = ni{x\ x) , Ci = Ci{x\x) 



The quadratic line element ([1|) with metric coefficients (0) can be diagonalized, 

SS' = n'lidty + g,{drf + g,{d6f + h^X? + h,{5^fl (3) 
with respect to the anholonomic co-frame (^cix*, '^V') ; where 

^X = dx+ {wi + (i) dx'^ and = (if/? + n^fia;* (4) 
which is dual to the frame {di, d^, d^^ , where 

5i = di + {wi + Ci) + riid^. (5) 

The various partial derivatives are abbreviated as d = d/dt ,a' = d/dr, a' = d/dO , a* = 
d/dx- The ffist order anisotropy of metric (|l|) with ansatz (H) comes from the coefficients 
Wi and Hi, while any second order anisotropy comes from having non-trivial coefficients Q 
(details can be found in [Q and |2,12|)- For the trivial conformal factor f2 = 1 in (|l]) and 
there is only a ffist order anisotropy parametrized by ansatz (|^) with Q = 0. 

The nontrivial components of the 5D vacuum Einstein equations, = 0, for the metric 
(§) given with respect to anholonomic frames and (|^) are: 

= -Wi^ - 7^^ = 0, (8) 



2hr, 2h 
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R5^ = -^^[nr+ln:] =0, (9) 

di\n\n\-{w^ + Ci){\n\n\y = 0, (lo) 



where 



= 9i/i5 - /ig^i In J 1/14/15!, (11) 



(3 = h;*-hl[\n^\h,h\]\ 
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3/1^ /i^ 



2/2,5 ^4 

The anholonomic frames method has reduced the Einstein field equations for the complex, 
off-diagonal, 5D metric of (0) to a relatively "simple" system of coupled, nonlinear (^ - (jlUj). 
In the following sections we will show that this simplification allows us to construct exact 
solutions to these 5D vacuum equations by embedding well known solitonic configurations 
into the system via the ansatz function h^, or n^. 
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B. Solutions of anholonomic vacuum Einstein equations 



The system of equations (^-(|TUp has to some extent decoupled the equations for some 
of the ansatz functions through the use of anholonomic frames. Thus one has some freedom 
to chose one or more of the ansatz functions to take a particular, interesting form, and 
then solve for the remaining functions. For example one could chose g2{i^,0) and then use 
equation (|^) to solve for g^ir.O) 

• One solution of equation (||) is 

gi{r, 6) = 5(2 (r, 9) = g{r, 6) = g[o] + g[i] exp[a2r + a^O], 



were g[o] , 02 and as are some constants. This can be generalized by considering a 
coordinate transformation from r,6 x^'^ (r, 6) so that the 2D line element becomes 
conformally flat 

this is always possible for 2D metrics. The explicit form of 5^'^ depends on the signature 
e = ±1. With this transformation we write 

fi'i,2(r, 9) = gi^2[o] + gi,2[i] exp[a2X^ (r, 9) + asx^ (r, 9)], 

for constants 5'i,2[o] and fi'i,2[i]- The simplest case for solutions to equation (|^) is when 
the ansatz functions only depend on a single variable such as g2{r) and (73(6') so that 
the derivatives automatically vanish. 

• Equation (|^ relates two functions /i4 {x\ x) and /15 {x\ x)- There are two possibilities. 
First if /i4 {x\ x) is given then {x\ x) can be computed as 

\/\h\ = h[o] {x') + h[i] [x') J ^J\h4 {x\x) \dx, for hi [x\ x) ^ 0; 

= h[o] {x') + hii] (x') X, for hi [x\ x) = 0, (12) 

where /i5[o,i] (a;*) are functions determined by boundary conditions. Second, if /15 {x\ x) 
is given and hi then /14 {x\ x) can be computed as 

= ho] {x') {x\x)\r, (13) 

with h[o] (x*) given by boundary conditions. 

• The exact solutions of (H) are 



g2{r,9){drf + gs{r,9){d9f ^ g{r,9) 



for = d/dx and ^ 0. If = 0, or even ^5 7^ but P = 0, the coefficients Wk could 
be arbitrary functions of (x*, x) ■ For vacuum Einstein equations this is a degenerate 
case which imposes the compatibihty conditions /? = = 0, which are satisfied if the 
and are related via formula (|13D with /ip] (x*) = const. For simplicity, in this 
paper we will consider only vacuum configurations with Wk = 0. 
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The exact solution of (^^ 

nk[o] (a;*) + nk[i] 
nk[o] (x*) + nk[i] [X 

nk[o] (2;*) + nk[i] (x 



hdx, 
1 



dx^ 



for hi 



for hi ^ 0; 



0; 



(15) 



dx 



for hi 



0, 



where the functions nk[o,i] (x*) are determined from boundary conditions. 

• If diQ = and = the exact solution of (0) is given by an arbitrary function 
(. = Q {x\x)- If 7^ but diQ = we take Q = 0. Finally if both n* ^ and 
difl ^ 0, (i takes the form 

Ci = (16) 

Wi does not show up in this solution since in this paper we are considering only the, 
Wi = case. 

Because the metric coefficients /i4 and h^ are solutions to equation (^ one has the freedom 
to define two new solutions as h^ = 7^4/14, ^5 = rj^h^] where 774^5 could depend on t,r,9 or 
X- We call the functions 774^5 = ri4^^{t,r,9,x) gravitational polarizations since they modify 
the behavior of the metric coefficients h^ and h^ in a manner similar to how a material 
modifies the behavior of electric and magnetic fields in media. The "renormalization" of /i4^5 
into /i4,5 results in corresponding "renormalizations" Ui fii, Q Q and f2 — f2 which 
are to be computed from equations (|T^)- (p!6| ) with redefined coefficients (0), 7 — 7,/5 — >• 
ai — >■ Sj. We will use the freedom to renormalize h^^^ via 774,5 to modify certain electric 
and magnetically charged, 5D wormhole and fiux tube solutions. 



C. 3D solitonic configurations embedded in 5D gravity 

Vacuum gravitational 2D solitons in 4D Einstein gravity were originally studied by Be- 



linski and Zakharov |21]. In refs. [jl| it was shown that there are 3D solitons in 4D gravity 
and in anisotropic Taub-NUT backgrounds. Here we will show that it is possible to embed 
3D solitonic configurations into the 5D gravitational system of the preceding section. 

The simplest way to construct a solitonic, off-diagonal 5D vacuum metric is to take one 
of the ansatz coefficients h^, h^ or rij as a solitonic solution of some particular non-linear 



equation. Then carrying out the integrations of equations (12)-(16) yields all the remaining 
ansatz functions. In the next two subsections we analyze two explicit examples of such 
solitonic solutions. First we take either h^^ or h^ as solitonic and then determine rij in terms 
of this choice. Second, we take one of the 77j's as solitonic and determine h^^ and h^. 
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1. Solitonic or 



The coefficient h^{r^ 6, x) can be required to be a solution of the Kadomtsev-Petviashvih 
(KdP) equation or the (2+1) sine-Gordon (SG) equation. Methods of deahng with the 



KdP and other 2+1 dimensional soliton equations can be found in refs. and . More 
detailed information on the SG equation can be found in |I8|-|20[]. In the KdP case h^i^r, 9, x) 
satisfies the following equation 

hi* + e{k + Qh,h', + h'^)' = 0, e = ±1, (17) 

while in the SG case h^{r,6,x) satisfies 

/ir + /i5-^5 = sin(/i5). (18) 

We will use the notation = hf^ or = hf^ depending on if satisfies equation (p!7D, 
or ( p!8D respectively. 

K P SG 

Haven chosen a solitonic value of = ' , we can compute by applying equation 
(0), 

/.4 = /^r'^^=/.fo,[(\/^)T- (19) 

The /14 determined in this way will not necessarily share the solitonic character of h^. The 
next step is to substitute the values h^^'^^ and h^^'^^ into the equation ( pIS] ) and find the 
respective values Ui = n^^'^^{r, 9, x)- This, up to some explicit integrations and differentia- 
tions, gives an exact solution of the 5D vacuum Einstein equations generated from a solitonic 
equation for /15. For simplicity we will set 5(2,3 = 1 so that the holonomic 2D background is 
trivial. 

In this subsection we have generated solutions to the system of equations (|6D-(p!0D by 
requiring that satisfy some solitonic equation. It is also possible to carry out a similar 
construction but with satisfying equation (O) or equation (p 



2. Solitonic Ui 

Next we consider the case when rii is the solitonic solution of either the KdP or the SG 
equation. Specially we will take ris as the solution of either the KdP or SG equation, setting 
the other two components to zero {ni 2 = 0). 

For n3 satisfying the KdP equations 



Tin 



+ e (ri* + engn'g + O' = 0, e = ±1, 



in which case we write ns = nf^, while for ^3 satisfying the SG equation 

no + Ho — Un = smfnsj. 



we write = raf^. We now want to find and for the given solitonic ansatz = ' 
If /15 7^ then /i4 can be expressed in terms of using formula (|19[) with /ijo] = const. The 



coefficient 7 can be expressed in terms of from (|TT 
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/ riT) i3/2i\ * 



Inserting (^OD into equation (P) with the one nontrivial value = ' we obtain an 
exphcit equation for 



n4 

5 



were Tip] (x*) and ?t,[i] (x*) are fixed from boundary conditions. Once the exphcit form of 
is given via the above expression one can go back and obtain exphcit expression for and 
7 from equations ([T3|) and (0). 

The main conclusion of this subsection is that the ansatz (j^) when treated with anholo- 
nomic frames has the freedom to pick one of the ansatz functions {h^ , , or Ui) to satisfy 
some 3D solitonic equation. Then in terms of this choice all the other ansatz functions can 
be generated up to carrying out some explicit integrations and differentiations. In this way 
it is possible to build exact solutions of the 5D vacuum Einstein equations with a solitonic 
character. 

There are other variations of the above solitonic constructions that could be tried: instead 
of taking hi^r, to depend on r, 9 and x "we could carry out the construction with other 
dependences {e.g. {t, 6, x) , h (t, 6, x) , or {t, r, x) , h (t, r, x) , or {t, x) , h {t, x))- 

III. WORMHOLE AND FLUX TUBE SOLUTIONS WITH A WARP FACTOR 

In this section we analyze a subclass of metrics with a specific type of conformal 
factor parametrized as 

Q [t, r, e, x) = ^0 {t, r, 6) e-^(*''''^)l^l (21) 

The functions k {t, r, 6) and Qq (t, r, 6) can be defined from boundary conditions or some 
desired limit. In this paper we will assume that k {t, r, 9) and VLq {t, r, 9) are of the form of 



the radion or modulus field from brane and string cosmology |13|. In the original RS solution 



11 1 the warp factor was of the form given in equation (^) but with k (t, r, 9) = const. This 
led to unstable solutions and less realistic cosmological scenarios. Some of these problems 
could be avoided by allowing the constant in the exponential warp factor to become a 
variable. A consequence of this was the introduction of the radion or modulus field. More 
details of this can be found in refs. [jl3| where different forms of the radion field, k [t, r, 9), 
were proposed to generate anisotropic warped compactifications or infiationary scenarios, 
which are compatible with string gravity or other quantum gravity models. 

From equation ( [TE| ) the parametrization in equation (^TJ) results in a second order 
anisotropy 

= = -k;' (t, r, 9) d. In |fio| + \x\di In \h {t, r, 9) \ 

fcg = A;, if X > and k^ = —k, if x < 0. These Ci's can then be used to calculate the 
anholonomically "elongated" partial derivatives in (|^) and (^). 
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For simplicity, in this paper we shall deal only with exponential conformal factors of the 
form 

fio ^ 1, A; ~ A; (t) , (22) 

with a linear dependence on the 5^^ coordinate x 

Ci it,x) = \x\dtln\kit)\,C2 = C3 = 0, 

Putting these requirements together leads to a metric of the form 

^ e-'''^'^\^\[{dtf + g2{r,e){dr)' + g,{r,e){dey (23) 
+r/4(t, r, e, x)h4ir, ^)(5x)' + V^it, r, 9, x)hir, e){6ipy]. 

where we have inserted the gravitational polarizations, 774^5. Such a metric with its radion 
field warp factor is studied in connection with brane and string cosmological models. The 
new feature in the solutions that we construct is that they are vacuum solutions which do 
not have any explicit matter. 

In the following subsections we will show how the isotropic wormhole/flux tube solutions 
of ref. can be deformed into the above anisotropic form with a warp factor and solitonic 
background. 



A. 5D isotropic wormholes and anisotropic solitons 

We give a brief review of the locally isotropic wormhole and flux tube solutions con- 
structed in refs. (DS-solutions). Then in stages we modify these locally isotropic solu- 
tions to incorporate the solitonic ansatz function and the radion like warp factor. 



1. The locally isotropic DS-solutions 



The following form for the ansatz functions in ansatz (|2 



9i = 1, 92 = -1, 

hi = —a{r) sin^ 9, 

111 = co'(r), n2 = 0. 



^3 = -a{r), 
= n\o] cos 9 



k — — — IvQ 

V4 = V5 = 1, 



(24) 



defines a trivial, locally isotropic solution of the vacuum Einstein equations (0)^(0) which 
satisfies the conditions /145 = 0. The analytic or numerical determined forms for a{r),uj{r) 
and ilj{r) are given in refs. |P 
(M) gives 



Inserting the functions from equation (|2J) into the ansatz 



dt" - dr^ - a{r){d9^ + sin^ 9d'/) - r-y^^'^ 



dx + uj{r)dt + riuj] cos 9d9 (25) 



Up to a conformal factor and a rotation of the S*'^ coordinate this is equivalent to the 
DS-solution for 5D wormhole/ flux tube configurations (more details can be found 
in refs. 0, or [|l3)- In (|25|) n[o] is taken to be an integer; r G {—Ro,+Ro} {Rq < 00) 
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and ro is a constant. All functions ilj{r) and a{r) were taken to be even functions of r 
satisfying ip'{0) = a'{0) = 0. The coefficient u{r) in (|25|) is treated as the t -component 
of the electromagnetic potential and cos6 as the 6 -component. These electromagnetic 
potentials lead to the metric having radial Kaluza-Klein "electrical" and "magnetic" fields. 
The 5D Kaluza-Klein "electric" field is 



Ekk = rou'e'^ 



% 
a{r) 



(26) 



the "electric" charge go = ''"o'^'(O) can be parametrized as go = 2-y/a(0)sinao. The corre- 
sponding dual, "magnetic" field is 



H 



KK 



Qo 

a(r) 



(27) 



with "magnetic" charge Qo = tt-t^o parametrized as Qo = 2^(2(0) cosao, The following circle 
relation 



+ QI) 



4a(0) 



(28) 



relates the "electric" and "magnetic" charges. This relation between the "electric" and 
"magnetic" charges will still remain valid even when these charges are generalized so as to 
have an anisotropic dependence on the coordinates. In this case equation ( pH]) fixes the 
behavior of one charge in terms of the other. For different relative values of the "electric" 
and "magnetic" charges it was found that the solution changed from a wormhole (when 
the "electric" charged was larger than the "magnetic" charge) to a fiux tube (when the 
"magnetic" charge was equal to or larger than the "electric" charge). 



2. Warped, anisotropic solitonic extension of the DS-solution 

The simplest way to obtain anisotropic wormhole / fiux tube solutions is to take Tq 
from ( |25| ) not as a constant, but as "renormalized" via '"o ~ ^ol'"'^''^)' where the 

anisotropic coordinate, v could be x or {i.e. we have two classes of anisotropic solutions, 
one with the 5*^ coordinate and another with the angular coordinate (p). A number of 
anisotropic wormhole/ fiux tube solutions in vacuum 5D gravity, for both cases - anisotropics 
in X or (y9 - were constructed and analyzed in refs. [^p!0|. For simplicity, in this paper 
we restrict our considerations only to warp factors, anisotropics with respect to the extra 
dimensional coordinate, and possible solitonic polarizations with respect to the variables 
(t, r, 9, x) ■ Anisotropics on sets of coordinates like (t, r, 9, (f) can be defined in a similar 
fashion and we omit such considerations. 

From the isotropic solution (p4|) we generated [p|,[lO| an anisotropic solution by taking 



hi{r,9) = hi{r,9) = -a{r)sm'^9, 
with ?]4 = 1 so that hl = hl = 0, but hi = r]l{r, 9, x)/i5(r) ^ 0. We parametrized 

f2(r,^,x)^ro%)[l + tu(r,^)x]' (29) 
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so that 



The term Ci7(r, 6)x parameterizes the dependence of Tq on r, ^, x In we took the simple 
case of zu{r, 6) = const, in order to illustrate that the DS-solutions admit a running of the 
"electromagnetic" constant with respect to the 5*^^ coordinate x- general, the physical 
constants could also be anisotropically polarized through the holonomic coordinates {r,6), 
which is accomplished by letting w = const. ^{r, 6). 

The ansatz functions n2,3 depend on the anisotropic variable x the following way 

n3ir,e,x) = n3[o]{r,e) + n3[i](r, 6')[1 + zu{r,e)xr^. 



In the locally isotropic limit (tux ~^ 0) one recovers the form of equation (^Sf) with ^2(0,1] = 
, nsio] = 0, n3[i]{r,9) = ncos9 and ni = uj{r). 

The 5D gravitational vacuum polarization induced by variation of the "constant" fo(x) 
renormalizes the electromagnetic charge as q{6,x) = ^o(^ = 0, 6', x)ct;'(r = 0). In terms of 
the angular parametrization the "electric" charge becomes 

qie,x) = 2^f^)smaie,x), 
and the "electric" field from (^) becomes 

qiO,x) 



E 



KK 



a{r) 



The renormalization of the magnetic charge, Qo can be obtained using the 

renormalized "electric" charge in relationship ( pH]) and solving for Q{9^ x)- The form of (p8[) 
implies that the running of Q{0,x) will be the opposite that of q{0,x)- For example, if 
q{6, x) increases with x then Q{6, x) will decrease. The locally anisotropic polarizations 
a{6, x) are either defined from experimental data or computed from a quantum model of 5D 
gravity. 

Thus the following ansatz functions for (^31) 



gi = 1, g2 = -1, 93 = -a(r), k = h = K = ke = 0, (30) 
hi = = — a(r) sin^ 9, ?74 = 1 

ni=u{r), n2 = Q, n-:^ = n^ cos 9[l + w {r , 9)xY'^ ■, 

generates an anisotropic wormhole / flux tube metric whose electromagnetic charges have 
become dependent on (r, 6',x)- 

Next we further modify the locally anisotropic configuration in equation (0) to include 
a warp factor and a solitonic deformation. Instead of from (PO) we choose 



% = hi''''''''^ (r, 9, x) = vf'^''''^ (r, 9, x) r], (r, 9) h{r), h{r) = -ry^^^\ (31) 

where rj^^^'^'^ (r, 9, x) is defined by the requirement that be a solution of the KdP equation 
(0), or of the SG equation (|^). Then we modify hi as 
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h, (r, e, x) = vf'''''^ (r, x) h{r, 9), (32) 
where /14 = — a{r) sin^ 9 as in (|30|). Remembering that hi{r,9) = h^i]^ {r,9) h^i^r) with 
/i[o] = const, then gives rj^^'^'^^ (r, 6*, x) from equation (^) as 

^4 = [(V% ) ] • 

The values of rti = n\^^'^^ are computed by introducing /i4 and into the formulas (|T5|). 
Next we require that ^j[o,i](a;i) satisfy boundary conditions so as to give nontrivial values 
for Hi^^^ = u}{r) and = n[o] cos^ ij^[kp,sg] ^ ^ where fj}-^^'^'^'^ (r, 9, x) can be picked 
out after performing the x integration in equation ([T5| ) for the functions from equations ( |3lD 
and 

Finally we introduce a conformal factor (]22|). This results in a constant shift of the second 
order anisotropy Ci (i^, x) = \x\dt^^ \k (t) |, C2 = Cs = 0. Collecting all the results together we 
see that 

gi = l, 92 = -!, 93 = -air), Q = e-^ W'^^', (33) 

t U U / \ ■ 2n KP,SG \i I KP,SG\*i2 

h = vf''^'''^ (r, 9, x) V^ir, 9)h, h,{r) = -r^e^'^W, h,{r, 9) = hl^^, (r, 9) h,{r), 

Ci = \x\dt\n\k{t)\, ni=uj{r), ^2 = 0, rig = ra[o] cos6'/i[^^'^^l (r, 6^, x) , 

gives a new, exact solution of the 5D vacuum Einstein equations. It has an exponential 
warp factor in the extra dimensional coordinate, and is also time dependent. The isotropic 
wormhole / flux tube configuration of ref. has been self-consistent ly embedded on an 
anisotropic, KdP or SG solitonic gravitational background. The "electromagnetic" constants 
of the solutions are anisotropically renormalized and scale with respect to the 5*^ coordinate. 
The Kaluza-Klein magnetic field component exhibits a 3D solitonic polarization. 

The final remark in this section is that we can also consider 3D solitons of the KdP or SG 
equations with a time like dependence in the polarization functions like ri^^^^'^'^\t,9,x)- In 
this case the solution would describe a warped anisotropic wormhole / flux tube configuration 
moving self-consistently in an effective 4D spacetime. Such a configuration could be thought 
of as a traveling gravitational soliton which might be searched for in a gravitational wave 
detector such as LIGO. 



IV. GRAVITATIONAL POLARIZATION OF KALUZA-KLEIN CHARGES 



We can further generalize the form (|30|) and (|33|) to generate new solutions of the 5D 
vacuum Einstein equations with deformations of the constants Tq and np] with respect to 
the 9 variable. These 9 deformations take the form of the equation for an ellipsoid in polar 
coordinates. This again leads to renormalization of electric (g) and magnetic {Q) charges. 



A. Gravitational renormalization of Kaluza-Klein charges via variable rg 

In this subsection we give a solution for which the Kaluza-Klein charges are gravitation- 
ally renormalized by the radius becoming dependent on 9 [i.e. in equation ( ^8]) a(0) —>■ a{9). 
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The easiest way to obtain such ^-polarizations for the solutions of ( poD is to recast the 
ansatz functions (^) as = rj^h^{r) with 

= [1 + Sr COS 6]-^ r^f ^'^^1 (r, 6, x) V^ir, 9), (34) 

and 

rl{r, 6, x) - '^o(o) [1 + cos 6*]"^ 775 (r, 6')4^^"^^' (r, 6*, x) , 

where is the eccentricity of an ellipse. The "constant", tq, has both an elliptic variation 
in 6 [i.e. ro(o) [1 + SrCosO]^'^) and a solitonic variation with respect to the 5^^ coordinate, 
X, and the variables r, 9. 

With these solutions the 5D Kaluza-Klein charges get renormalized through the elliptic 
variation of fo(r, 6*, e^, x); and the "electric" charge becomes 

(l{r, 0, x) = ro^r]^{r,e,er,xW{0) = ^/^(r, ^, e^, x)go 
In terms of the angular parametrization we find 



qir,0,x) = 2ya{0)^?75(r,6',£:„x) sinao. 
The "electric" field ( p6D transforms into 

qir, 0, x) Qo 



E 



KK 



(v^)~^ can be treated as an anisotropic, gravitationally induced permittivity. The renor- 
malization of the magnetic charge, Qq Q{r,9,x), can be obtained from equation ( p8D 
using g(r, 6, x) from above. In this case the corresponding dual, "magnetic" field is 
Hkk = Q{t-i 0, x)/C'{^) with the "magnetic" charge Qq = n^ro given by 



Q = 2 ya<0) Tj^ (r, 9,er,x) cos ao , 



These gravitationally polarized charges satisfy the circumference equation (pSf ) with variable 



radius 2^a{Q)^r]^{r,e,er,x) 

i<lo + Ql) ^ /35s 

MO)%ir,e,er,x) ■ ^ ^ 

The new result - as compared with the elliptically polarized solutions of [|1^ - is that 
we have an additional dependence on the radial coordinate r. Also the anisotropic, gravita- 
tionally induced permittivity, (a/^)~^, arises in connection with the 3D KdP or SG soliton 
solutions which have been embedded in the 5D Einstein equations. 
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B. Gravitational renormalization of Kaluza-Klein charges via tq and n 



A different class of solutions from those given in equations (|30D and (|33|) can be con- 
structed if, in addition to tq, we allow the n[o] in the n[o]cos6' term from equation ( p5[ ) 
to vary. For solutions with anisotropic extra dimensional coordinate, this variable np] will 
affect n^. The variability of tq and ra[o] is parameterized using the gravitational vacuum 
polarizations (r, 9, x) and /€„ (r, 9, x) as 

tq ^ tq = — - — - — - and — >• 



Kr (r, 9, x) K„ (r, 6^, x) 



where 



^r{r,9,x) = [^/^hMx}]-' or = [^^s (r,^,x)]-'- (36) 
The polarized charges are 



q = — 



2wa(0) sinao 



and 

Qo _ 2yQ^cos ap 

Using these charges in equation (^81) gives the formula for an ellipse in the charge space 
coordinates (go, Qo) , 



4a(0)K2 4a(0X 



the axes of the ellipse are 2ya(0)Kr and 2ya(0)Kn. Equation ( p7| ) contains as a particular 
case equation (^5l). A new result for such ellipsoidal polarizations (compared with a similar 
solution from [|T0|) is that the parameters of the ellipse (the Kaluza-Klein charges) are 
modified by an additional solitonic dependence. This describes 3D solitonic waves in the 
charge space induced by the 5D vacuum gravitational interactions. 



V. WARPED WORMHOLES IN VARIOUS NON-SPHERICAL BACKGROUNDS 

The locally anisotropic wormhole/flux tube solutions presented in the previous sections 
are anisotropic deformations from a spherical 3D hypersurface background. These solutions 
can be generalized to other rotational hypersurface geometry backgrounds. In ref. we 
gave the explicit forms for such generalized solutions and analyzed their basic properties. 
The aim of this section is to show that these anisotropic wormhole solutions with ellipsoidal, 
cylindrical, bipolar and toroidal backgrounds can be solitonically deformed and have a warp 
factor. The notation and metric relations for the 3D Euclidean rotational hj^ersurfaces that 
we use will be those of ref. In the appendix we outline the necessary results for 3D 

rotation hypersurfaces and explain the notation (see also refs. [U). 
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In order to construct wormholes which exhibit the various 3D geometries cataloged in 
the appendix, we will associate respectively one of the ansatz functions of the wormhole 
solutions with the metric component, gss{x'^,x^), from ([A3|) , (|A6|) , ( |A1CI| ) and ( |A12| ). For the 
solutions with anisotropic dependence on the extra dimension coordinate this is accomplished 
by letting = gss{x'^,x^) and then solitonically deforming and h^. In each 

case hi^^ is multiplied by the corresponding gravitational polarizations, 774^5, so as to give 
wormhole/flux tube configurations of the form (|5D|) and (^), or their modifications presented 
in section IV. In the previous sections the coordinates were parametrized as x"^ = x^ = 9 
and = ip. In this section the set {x^,x^,y^) are spatial coordinates of a 3D rotation 
hypersurface. The time like and extra dimensional coordinates are the same as in the 
previous sections, i.e. x^ = t and = x- 

Straightforward calculations show that for the five 3D geometries given in the appendix, 
the metrics defined by ( ^0]) or (^) are generalized to a new class of exact solutions of the 
5D vacuum Einstein equations with the coordinates given by 

{t,u,v),0 < u < 00, < V < Tc, coshw > 1, ellipsoid (Al); 
{t,u,v),0 < u < 00, < V < TC, sinh u> 0, ellipsoid 
(t,u,v),0 < u < 00, < V < TC, coshw > 1, cylinder ( 
(t, r, ^), -00 <r<oo,0<^<7r, bipolar 
it,T,^),0 < T < oo,-TT < ^ < TT, torus (|A11|) ; 

(f G [0, 27r), ellipsoids ; bipolar ; torus; 
z G (—00, 00), cylinder; 



X 



y 



y =p 



and the ansatz functions given by 



91 = 1, 92 = -1, 5-3 = -1, ^ = e 
hi = r]Jii, hi = gss{x'^, x^) = < 
[KP,GS]^^2^^3^^^^ see (ig) 



m\x\ 



(38) 



' iSfeSlfe' ^lliP^^id (A3) 
sinh^W^ , ellipsoid 

smn u+cos^ v ' 

. '■"'^^2 1 cylinder 

smn ti+sm v ' 

sin^^, bipolar ([K9|) ; torus ( |A11| ) 



V5 



[l + srcose]-^ fi^'^'^'^^^ix^x^x?, see (0); , 
^ 1/k^.{x^,x^,x), see (||); 

h = V5h, /^5(a;^x^x) = -^^oexp{2^[(^^^^x)]}; , Ci = Ci = |x|<9i In |A; (t) |; 



r = a 



iinvers) 



(a;^a;^x) from (^; 



/i 



(^);(ra; 

[KP,GS] ( 2 3 



{x^,x^,x) , see (|0|); 



ni = a;(a;^), n2 = 0, 77,3 = ncosx^ x <( j^i^P'Cis] (x^,x^,x) , see (|3|); ; 

1/Kn{x'^,x^,x), see (f 



where the function h^ is a solitonic solution of the KdP or SG equations. 

Equations ( pSf ) describe warped, anisotropic wormhole / flux tube, solitonic configura- 
tions which are defined self-consistently in the various rotational hypersurface backgrounds 
listed above. As in the case of the spherical background these solutions have an anisotropic 
deformation with respect to the given hypersurface backgrounds. 
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VI. CONCLUSIONS 



Some recent work in modern string theory, extra dimensional gravity and particle physics 
is based on the idea that our 4D universe is embedded in some higher dimension spacetime, 
but with movement into the higher dimensions being suppressed by an exponential warp 



factor |[TT|. The construction and study of wormhole/flux tube solutions in these RS-type 
models is of fundamental importance in understanding these theories, especially their non- 
perturbative aspects. Such solutions are difficult to find, and the solutions which are known 
usually have a high degree of symmetry. In this paper we have applied the method of 
anholonomic frames to construct warped, solitonic wormholes and fiux tubes in 5D Kaluza- 
Klein theory. These solutions have local anisotropy which would make their study using 
holonomic frames difficult. This demonstrates the usefulness of the anholonomic frames 
method in handling anisotropic solutions. Most physical situations do not possess a high 
degree of symmetry, and so the anholonomic frames method provides a useful mathematical 
framework for studying these less symmetric configurations. 

The main result of our work is that we can construct exact solutions in 5D gravity 
with a warp factor in the extra dimension coordinate which is induced not from any brane 
energy-momentum configurations but by a specific type of second order anisotropy of the 
bulk vacuum gravity. 

The second key result is the demonstration that off-diagonal metrics in 5D Kaluza-Klein 
theory can be parametrized into forms that define new, interesting classes of solutions of 
Einstein's vacuum equations. These solutions represent wormhole and fiux tube configura- 
tions which are locally anisotropic. These anisotropic solutions reduce to previously known 
spherically symmetric wormhole metrics in the local isotropic limit. These anisotropic 
solutions also extend the idea of Salam, Strathee and Percacci Q that including off-diagonal 
components in higher dimensional metrics gives rise to gauge fields and charges. Not only 
do we find "electric" and "magnetic" charges for our solutions, but the anisotropics in the 
5*'* coordinate (x) and/or in the angular coordinate {(f) give a gravitational scaling or run- 
ning of these Kaluza-Klein charges. Such a gravitational scaling of charges could provide 
an experimental signature for the presence of extra dimensions {i.e. if some charge were 
observed to exhibit a running which was not in agreement with that given by 4D quantum 
field theory this could be evidence for a gravitational running of the charge). 

In connection to the status of off-diagonal metrics in 5D gravity we note that in refs. 
\ T% it was shown that the class of metrics (|l|) satisfying vacuum Einstein equations (|6|)- (p!oD 



contains as a particular case solutions where the Schwarzschild potential $ = —M/{M'^r), 
(Mp is the effective Planck mass on the brane) is modified to 

Mir 2r2 ' 

where the "tidal charge" parameter Q may be positive or negative. This points to the 
possibility of anisotropically modifying Newton's law via an effective anisotropic masses 
Mam{t,r,9), and with an effective gravitational electric-like charge Qaq{t,r,9). For diag- 
onal metrics the effective polarizations are 0"^ = cr^ = 1. The off-diagonal metrics and 
anholonomic frames in extra dimensional vacuum gravity can be used to give non-trivial 
reductions and trappings to lower dimensional models of wormhole and black hole physics. 
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This can result in anisotropic polarizations and scaling of the parameters of the solution, as 
well as modifications of Newtonian gravity. 

In the first part of this paper the warped anisotropic solutions were constructed as defor- 
mations from a spherical background. We considered 3D solitonic deformations (Kadomtsev- 
Petviashvili and sine-Gordon equations). In the final section of this paper we showed that it 
is possible to construct a large variety of such warped anisotropic solutions as solitonic defor- 
mations from various background geometries: elliptic (elongated and flattened), cylindrical, 
toroidal and bipolar. 
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APPENDIX A: 3D ROTATION HYPERSURFACES 

In this appendix we collect together the basic 3D geometric results [p],^ used in section 

V. 

1. Elongated rotation ellipsoid hypersurfaces 

An elongated rotation ellipsoid hypersurface (a 3D e-ellipsoid) is given by the formula 

4^ + 4 = S^W, (Al) 

where ex > 1, and x,?/, z are the usual Cartesian coordinates. a(r) is similar to the radius in 
the spherical symmetric case. The 3D, ellipsoidal coordinate system is defined 

X = SsinhMsinu coss, y = asinhusinf sins, z = a cosh u cos 

where a = coshu and < n < oo, 0<f<7r, 0<s< 27r. The hypersurface metric is 

duu = Qvv = (^sinh^ u + sin^ , gss = sinh^ u sin^ v. (A2) 

It will be more useful to consider a conformally transformed metric, where the components 
in equation ( [A2[ ) are multiplied by the conformal factor (^sinh^ u + sin^ , giving 

(is(3g-) = du^ + (if ^ + gssiu, v)ds'^ (A3) 
gss{u, v) = sinh^ u sin^ v/ (sinh^ u + sin^ v). 
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2. Flattened rotation ellipsoid hypersurfaces 

In a similar fashion we consider the hypersurface equation for a flattened rotation elhpsoid 
(a 3D f-eUipsoid), 

^^ + ^ = S^(r), (A4) 

here a > and cr = sinhw. In this case the 3D coordinate system is defined as 

a; = a cosh M sin f cos s, ?/ = a coshw sinf sin s, z = a sinh u cos v , 
where 0<m<oo, 0<f<7r, 0<s<27r. The hypersurface metric is 

guu = Qvv = (sinh^ u + cos^ g^p^p = sinh^ u cos^ v, (A5) 



Again we consider a conformally transformed version of this metric 



d^hf) = du^ + dv^ + gss{u-, v)ds'^, (A6) 



gss{u,v) = sinh ucos f/(sinh m + cos v). 

3. Ellipsoidal cylindrical hypersurfaces 

The formula for an ellipsoidal cylindrical hypersurface is 

^ + = p\ z = (A7) 

where a >1. The 3D radial coordinate is given as a? = + s^. The 3D coordinate system 
is defined 

X = p cosh M cos f, y = p sinh m sin t>, z = s, 

where a = coshw and <u < oo, < f < tt. Using the expressions for x,y and equation 
we can make the change p{x,y) p{u,v). The hypersurface metric is 



guu = gvv = P^(m, v) (sinh^ u + sin^ vj , gss = ^ 
we will again consider a conformally transformed version of this metric 

^^fsc) — '^'"^ + ^'^^ + gss{u, V, p{u, v))ds'^, (A8) 
gssiu,v) = l/p'^{u,v) (sinh^ M + sin^ w). 
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4. Bipolar coordinates 

Now we consider a bipolar hypersurface given by the formula 

' a(r) \^ o a'^(r) 



x^ + y'-P^^ +z' = ^, (A9) 



which describes a hypersurface obtained by rotating the circles 



2 



2/ 



a(r) \ 2 'j'- 



+ z 



\ tan^ J sin ^ 

around the z axis; because |tan^|^^ < |sin^|~^, the circles intersect the z axis. The rela- 
tionship between the Cartesian coordinates and the bipolar coordinates is 

a(r) sin ^ cos s a(r) sin ^ sins a(r) sinhr 



^ = — -^ 7^ y 



cosh T — COS ^ cosh r — cos ^ cosh r — cos ^ 

where — oo < r < oo, 0<^<7r,0<s< 27r. The hypersurface metric is 



a'^(r) a^(r) sin^^ 



(cosh r — cos 4 j (cosh r — cos 4 J 



which, after multiplication by the conformal factor (cosh r — cos a) / becomes 

'(36) 



dsl,) = dr^ + de + gssms\ QssiO = sin' t (AlO) 



5. Toroidal coordinates 

Now we consider a toroidal hypersurface with nontrivial topology given by the formula 
x' + y' - a(r) (cotho) +z' = (All) 

the relationship to the Cartesian coordinates is given by 

a(r) sinhr cos s a(r) sin 4' sin s a(r) sinh^ 

X = — y 



cosh r — cos 4^ cosh r — cos cosh r — cos ^ 

where — vr <^ <7r,0<r< oo, < s < 27r. The hypersurface metric is 

a^(r) a^(r)sin^4^ 

g<Ta = Qtt = - 7 772! 9ss = - - 772 

(cosh r — COS 4) (cosh r — cos 4) 

After multiplication by the conformal factor (cosh r — cos a)' /a?{r) this takes the same form 
as (^ ) 

ds%^) = dr^ + de + 9ssi0ds^ QssiO = sin' (A12) 

Although this looks identical to the metric in ( |A10| ) the coordinates (r, 4^, s) have different 
meanings in each case. This can be seen by the different ranges for the two cases. 
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